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Abstract. In this paper, the complex reliability analysis of two parallely 
connected elements with consideration of both failure and maintenance (and 
their coincidences) is given. The analysis follows a unified approach, 
namely the stationary Markov model of states, which is only one among the 
existing models that can take into consideration almost all mutual influences 
of all possible states. Some approximate and simplified relations convenient 
for practical use are derived from an exact mathematical model. In addition, 
a computer program has been made up for this analysis. For average values 
of input parameters most often mentioned in the literature, output reliabili- 
ty parameters are calculated and an analysis of.their deviations is made using 
exact expressions, the approximate expressions derived from them, and the ap- 
proximate expressions given in the literature. 
Keywords. Computer application; electric energy system; Markov processes; 
modeling; parallely connected elements; probability; reliability theory; 
state-space methods. 
INTRODUCTION 
In the literature a number of procedures for 
calculating the total reliability parameters 
of some parallely connected elements is given. 
The main differences among these methods con- 
cern: theoretical approach to the observed 
problems, the applied mathematical model, in- 
troduced assumptions and neglected facts, pos- 
sibility of taking unito consideration dif- 
ferent states and effects, possibility of 
computer use, difficulty for practical appli- 
cations, expected accuracy, etc. Many objec- 
tive difficulties that arise in the analysis 
of coincidence between stochastic (failure) 
and deterministic (maintenance) events cause 
not only formal but also essential differences 
in approaches and methods that take into ac- 
count regular maintenance. 
The mathematical model, which would consider 
all (or a great number) of conditions of ac- 
tual functioning, would be arrived at with 
difficulty, and it would be, because of its 
bulk and need for a great computer memory, 
practical only for simple cases. Because of 
this, some approximations which make calcula- 
tions easier, are usually introduced. As a 
result the obtained results contain some de- 
viations when compared to the exact ones. 
Consequently, it is necessary to make up an 
optimization between the complexity and the 
accuracy of results, for all concrete cases. 
Since it is needed that the introduced as- 
sumptions better correspond to real condi- 
tions, they are, as a rule, different in 
different fields of sciences. 
This paper deals with the analysis of the total 
reliability parameters of two parallely con- 
nected elements. This combination of elements 
is very interesting for practical calculations, 
because in the complex schemes of electric 
energy systems (EES) there are a number of 
such connected elements, or parts of scheme, 
which can, by the known procedures, be reduced 
easily to two parallely connected elements. 
It is necessary to remark that on this occasion 
of calculating reliability of El%, because of 
a number of characteristics and specific con- 
ditions of its functioning, one cannot directly 
apply the parameters and methods of evaluation 
of reliability which are used in other fields 
of men's activities. 
GENERAL CONSIDERATIONS 
The problem of forced outage (failure) and the 
reparation to normal state is already detailed 
and clearly treated in the existing literature. 
There exist a number of different methods which 
treat this problem with different assumptions 
and neglects (Billinton, 1974; Rozanov, 1974; 
Fokin, 1977;...). 
The problem of maintenance consideration has 
not yet found a proper place either in the 
literature dealing with reliability or in the 
practical examination of EES reliability. 
Only in recent times, this problem has been 
deal with properly. The introduction of equip- 
ment into maintenance means either a break in 
the execution of its functions or a reduction 
in the reliability of the scheme, consequently, 
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for the correct evaluation of the reliability, 
it is important to take maintenance into con- 
sideration, taking into account its specifics 
(possibilities of planning of its start and 
its length of durability) and real conditions 
under which it can be realized. 
There are several special probability distri- 
bution functions with which one can describe 
the probabilistic behavior of a random varia- 
ble. Experimental results about the behavior 
of EES elements over a long period of years 
show that, for calculating their reliability, 
it is justified to assume the exchange of: 
-the actual flow of events which represent 
the transition between some states with the 
Poisson distribution; 
-the actual functions distributing time 
duration of the system's stay in each of the 
possible states with the exponential distri- 
bution. 
These assumptions enable the application of 
the Markov processes. This method is a very 
general approach and it can be used when the 
components are igdependent as well as for de- 
pendent events (Skuletic', 1981). Cnly the 
independent case is discussed here. 
The basic assumptions which are introduced on 
the occasion of the application of this model 
are: 
-all observed component are maintained; 
-component failure and repair events are 
statistically independent; 
-component operating times are much larger 
than failed times; 
-components are not taken out of service 
for maintenance if other components are on 
forced outage, but forced outages of com- 
ponents may occur during the maintenance 
of component; 
-parallely connected components are fully 
redundant. 
By using this model the processes of exchange 
of states can be represented by the mathematical 
model in the form of the graph of states (or 
state space diagram). This graph is used to 
write a system of differential equations, in 
which, the probability of states are unknown. 
The solving of this system, for a complex 
scheme, can be very complicated. Since the 
elements of EES, even after a few months of 
work, cross into the steady state, without 
great deviations, one can pass on to the analy- 
sis of the steady states, from the analysis 
of the reliability of EES over a long period 
of years. In this way one passes from the 
system of differential to the system of alge- 
braic equations, which is easier to solve. By 
solving this system one gets the probabilities 
of all the states. 
The usage of groups of parallely connected ele- 
ments mainly is caused by a need for an in- 
crease of reliability (need for reserve) or by 
economic effects during the large loads, and 
sometimes with both. 
. 
Parallely connected elements, in the sense of 
reliability, are the ones for which any one in 
the operating state can insure system success. 
These groups of elements can be failed either 
because of super-position (coincidence) between 
the failure of one and the failure of the 
other element, or because of coincidence be- 
tween the failure of one and the maintenance 
of the other element. The failure of one ele- 
ment in the parallel connection, as a rule, 
leads not to the total failure of the group, 
but to a lowering of its transmission capacity 
and a change of the working regime. 
In this paper, in the example of two parallely 
connected elements with real characteristics, 
the method of calculating the required relia- 
bility parameters for different values of input 
parameters, has been shown. The results ob- 
tained by the exact and approximate (derived 
from exact) relations, were compared with ones 
obtained by the previously known methods and 
expressions, and an analysis of their devia- 
tions was also made. 
MATHEMATICAL MODEL 
The observed system consists of two parallely 
connected elements (Fig. 1) with different 
characteristics, which can be either in the 
operating (up state), the failed (down state), 
or the maintenance state. 
1 
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Fig. 1. Two parallely connected elements. 
Assuming elements independence using Markov 
state space model from electrical scheme one 
can pass to the graph of possible states 
(Fig. 2). Possible system states are numbered 
1 through 8, the probabilities of these states 
pi(t) through pa(t). Outage rates and repair 
rates for failure and maintenance are marked 
X, X", n, u", respectively. In each system 
state the description of the element states is 
indicated. The transition rate from one state 
to the other is mentioned near the arrow indi- 
cating the possible transmission between the 
two states. 
Using the graph of states one can get the sys- 
tem of differential equations, whose number is 
equal to the number of possible states of the 
system. The differential equations can be 
written by using the known rule. 
For the stationary states, which are observed 
here, that is, for: 
t + ='; p(t) = p = C ; dp(t)ldt = 0, 
one can pass from the system of differential 
to the system of algebraic equations (l), 
which is easier to solve: 
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Fig. 2. Graph of possible states 
and transmissions. 
1 
-(hl+X2+X;+X;)P +p p +u p +U"P +LJnp 
112 23 15 26 =D 
xlPl-(~2+Ul)P2+u2P4+U;P8=8 
h2Pl-(Xl+U2)P3+u1P4+U;PJ=0 
X2p2+X1p3-(U1+U2)p4=D 
h~p1-(X2+U~)p,+u2P,'D 
x;Pl-(xl+u;')P6+ulP*=8 
A2P5-(U2+U;)P,=0 
hlP6-(Ul+U;)P8=o (1) 
This is system of dependent equations. By sub- 
stituting instead of any of the equations with 
the conditions that at any time, the sum of 
the probabilities of all the states, as a prob- 
ability of a reliable event, is equal to one, 
that is: 
a 
c pi=1 
i=l 
(2) 
this system will cross in the system of inde- 
pendent equations. By solving this system one 
gets the probabilities of all the states of the 
system. Then, using them and the graph of the 
possible states one can easily get all the 
needed reliability parameters. 
It is worth pointing out that for the analysis 
of reliability it is necessary to calculate 
only two independent parameters, from which 
it is easy to calculate other parameters. The 
most often used independent parameters are: 
unavailability (KJ) and frequency of events (f). 
The unavailability (frequency) of a system 
states (operating, failed, maintenance) is ' 
achieved by adding the probabilities (frequen- 
cies) of all the states which pass the system 
into observed state. 
For solving all the needed reliability para- 
meters a computer program has been made up. 
The system can also be solved analytically, 
that is, one can get the exact analytical ex- 
pressions for the parameters of reliability 
of observed combinations. 
According to the graph of states, the unavail- 
ability (Uf) and the frequency (ff) of the 
system failure, are given by: 
Df = Q4 = D4/D (3) 
ff - Q4(Ul+lJ2) = D4(Ul+U2)/D (4) 
where: 
+X;(X2+ul)(Xl+"l+U;)+X;(hl+"2)(X2+U2+u;)l (6) 
The unavailability (Urn) and the frequency (fm) 
of the system taking into consideration the 
possibilities of coincidence between the failure 
of one and the maintenance of the other element, 
according to the graph of states, are given by: 
U= 
'7 + '8 
'7 D8 DJSD8 
m =x-+-T=- D (7) 
f = P,(U2+u;) +,P8(Ul+u;) = 
D7(U2+u;')+D8(Ul+U;) 
m D 
(8) 
where: 
D7 = -A2h~~l~2u~(Xl+X2+~l+u2) $ ,+!J;) 
(9) 
D8 = -~l~;Ulu2U;I(~l+~2+u1+U2)(A2+U2+u;) 
(10) 
Neglecting the second and third terms in the ex- 
pression for the determinant of system (5) 
(which can be done, because in these terms the 
power of xx" is greater than in the first 
term), one can get simpler, but still complex 
expressions for the parameters U m and f : 
m 
v = 
x2 A;“‘; 
m (X2+U2+U;)(X;U;'+h;'U;'+U;u~) + 
A X”!l” 
121 
+ (x,+U,+u;)(x;u;+Y$l~+u~u;) 
(11) 
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(12) 
If one uses the following reasonable neglects: 
-the repair rates (n,~") are much greater 
than the outage rages (h,X"); 
-the terms An and h"n", as well as the 
terms with X 
2 
and power of X greater than 
2, can be neglected; 
exact expressions can be reduced to simpler 
and more convenient expressions for practical 
use: 
(13) 
(14) 
ff 
XlX2 
X - (n1+n2) = hlh2(rl+r2) 
VlU2 
A"1 r"r 
u - 
x2x;' 21 
U;(V,+n;I) + !J!&+$) 
j, 12 = l"r" - + 
m 2 1 1 r"+r 12 
(15) 
h2X; X1X;’ 
f :-- 
m u; 
h X"r" + X X"r" +Ir= 211 122 
(16) 
p2 
OBTAINED RESULTS 
The independent reliability parameters using 
exact expressions, the approximate expressions 
derived from them, and approximate expressions 
given in the literature, are calculated, for 
the observed case of two parallely connected 
elements whose characteristics are given in 
Table 1 and which have the average values most 
often mentioned in the literature. The dev- 
iations between these expressions are also 
calculated. Because the deviations given by 
approximatitve expressions for the parameters 
of failures are small, only the obtained re- 
sults for the parameters which take into con- 
sideration maintenance, in the function of 
changing of one input parameter have been 
given in Table 2. The biggest difference 
results have been shown on the diagrams 
(Fig. 3 and Fig. 4). 
TABLE 1 Characteristics of Input Parameters 
Element f(l/year) r(h) f"(l/year) r"(h) 
1 0.1 200 1 150 
2 0.15 250 1 100 
The unavailability U 
m 
is also calculated using 
the assumption that the maintenance is a sto- 
chastic but not a deterministic event, that is, 
considering the possibility of coincicence be- 
tween the maintenance of one and the failure 
of the other element: 
‘rn = "fl"m2 + "f2"ml (17) 
The values obtained using the exact expressions 
(7) and (8) are given in Table 2 in the part 
marking a, while the values obtained by approx- 
imative expressions derived from exact are 
marked b,for the expressions (11) and (12), 
and c for the expressions (15) and (16). The 
values obtained by using the expressions from 
the literature are marked: d (Billinton, 1974; 
Billinton, Grover, 1975); e (Rozanov, 1974); 
f (Nahman, 1980); g (Fokin, 1977), and 
h (using expression (17)). 
The same calculations are performed with the 
same values from Table 1, but only with dif- 
ferent values of frequency of maintenance of 
elements, that is, for f" = 0.5. 
TABLE 2 Results of Analysis 
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“m 
0 - 0.00% 
b - 2.72% 
c - 3.03 l /. 
d - 6.33 l /. 
c -6.40% 
Fig. 3. Functional relationship between 
fm and f . 
r 
ANALYSIS OF RESULTS 
The values of unavailability (Uf,Um) and fre- 
quency (ff,fm) given by the exact expressions 
based on Markov processes are smaller than the 
ones calculated by all the approximative ex- 
pressions (except for Urn given by expressions 
from Rozanov (1974)). 
The values of parameters of failure (ff,Uf) 
given by the approximative expressions deviate 
only a little from the values given by the 
exact expressions. Consequently, they can be 
used in calculations. 
The parameters of failure vary slightly as f" 
takes values between 0.5 and 1.0. 
The deviations given by approximative expres- 
sions for parameters which take into consid- 
eration maintenance (f m,Um) are very different 
for different observed expressions. The maxi- 
mum of deviations for f m is up to 6.4%. The 
deviations for Um can be, for some of observed 
expressions, very large. They are within 
tolerance limitations for the expressions 
b (2.72%) and f (3.055X), and for expressions 
c and d for smaller value of fl. But for ex- 
pressions e (21.46%), g (22.21%), and espec- 
ially for the expression h (200.1%) they are 
intolerately great. The big error occurs if 
maintenance is treated as a stochastic event. 
/ h- 200.93% 
g - 22.21% 
c - 21.46 % 
d - 6.44 % 
c - 6.36 % 
f - 3.06% 
b - 2.72% 
a - 0 00% 
Fig. 4. Functional relationship between 
Nm and fl. 
This assumption increases greatly the proba- 
bilities of coincidence between failure and 
maintenance. 
By reducing the value of f" of one element 
from 1.0 to 0.5, the values for the parameters 
of system, which consider maintenance (f U ) 
are reduced about 50%. m' m 
CONCLUSION AND FURTHER RESEARCH 
The new exact analytical expressions for the 
basic independent reliability parameters, and 
the new approximate expressions derived from 
them, which take into consideration both 
failure and maintenance, for two parallely 
connected elements, are given. 
Comparative analysis of results obtained by 
different methods and approaches points out 
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the possibility for and justification of ap- 
plication of each single expression to con- 
crete situations. 
Using some of the expressions which are given 
in the literature one can get certain devia- 
tions from exact values, especially for the 
parameter Um, whose deviations given by dif- 
ferent expressions can be very large. 
Applying the same procedure, the reliability 
analysis for three parallely connected ele- 
ments could be done. If it is possible a 
general form of the matrix of coefficients 
with n parallely connected elements should be 
found. 
Further studies should also include the suit- 
ability of other probability distributions 
functions for the reliability analysis when 
both failure and maintenance are taken into 
account. 
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